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We propose a relativistic gravitational theory leading to Modified Newtonian Dynamics, a paradigm that ex-
plains the observed universal acceleration and associated phenomenology in galaxies. We discuss phenomeno-
logical requirements leading to its construction and demonstrate its agreement with the observed Cosmic Mi-
crowave Background and matter power spectra on linear cosmological scales. We show that its action expanded
to 2nd order is free of ghost instabilities and discuss its possible embedding in a more fundamental theory.
Introduction Alternative theories of gravity to General
Relativity (GR) have received immense interest in the past 20
years or so [1, 2]. The driving force behind this interest is not
so much that gravity has not been tested in a large region of
parameter space [3], but, more importanly, the physical sys-
tems residing in some parts of that region exhibit behaviour
from which Dark Matter (DM) and Dark Energy, collectively
called the Dark Sector, are inferred.
While most investigations have been directed towards ex-
plaining the phenomenon of Dark Energy, the hypothesis that
the phenomenon of DM might be due to gravitational de-
grees of freedom (dof) has received less attention. The ear-
liest evidence for the existence of DM [4–6] was later corrob-
orated by observations of the motion of stars within galax-
ies [7, 8], where it was found that stars towards the outer
regions of galaxies had orbital velocity significantly higher
than expected due to the Newtonian gravitational field pro-
duced by visible matter. In 1983, Milgrom proposed [9–11]
that this motion of stars within galaxies could instead result
from a modification to the inertia/dynamics of stars or of
the gravitational law at Newtonian accelerations smaller than
a0 ∼ 1.2× 10−10m/s2. Shortly afterwards it was found that
these same effects could alternatively result from a non-linear
modification to the Poisson equation[12], that is, at potential
gradients smaller than a0, the effective equation governing
non-relativistic gravity is
~∇ ·
(
|~∇Φ|
a0
~∇Φ
)
= 4piGNρ (1)
where Φ is the gravitational potential which dictates acceler-
ations ~a via Newton’s law ~a = −~∇Φ, GN is the Newtonian
gravitational constant and ρ the matter density. These models
are referred to as Modified Newtonian Dynamics (MOND).
A great deal of work has gone into deducing the astrophysi-
cal consequences of MOND, and whether it is consistent with
data [13–26], as well as proposing alternative DM based ex-
planations of this law [27–30]. Its inherently non-relativistic
nature renders it difficult to test in cosmological situations as
systems such as the Cosmic Microwave Background (CMB)
require a relativistic treatment of fluctuations. The physics
of the CMB involves only linear perturbation theory on a
Friedmann-Lemaıˆtre-Robertson-Walker (FLRW) background
making it a particularly useful system, devoid of non-linear
modeling systematics, for testing relativistic MOND (Rel-
MOND ). As a result, a number of relativistic theories that
yield MOND behavior on galactic scales [12, 31–46] have
been proposed which make clear predictions regarding grav-
itational lensing and cosmology. In cases where observables
such as the CMB and matter power spectra (MPS), have been
accurately calculated, no theory has been demonstrated to fit
all of the cosmological data while preserving MOND phe-
nomenology in galaxies [47–53]
In this article we present the first RelMOND candidate the-
ory which reproduces all galactic and lensing phenomenol-
ogy in the same way as in Bekenstein-Sanders Tensor-Vector-
Scalar (TeVeS) theory [32, 33] but unlike TeVeS remains suc-
cessful in reproducing the key cosmological observables such
as the CMB and MPS. Below we present the phenomenologi-
cal construction of the theory, discuss its cosmology and show
that the theory is devoid of ghost instabilities. We also discuss
the phenomenological validity of the theory and possible av-
enues towards a more fundamental grounding.
Phenomenological requirements Construction of Rel-
MOND theories has always proceeded on phenomenological
grounds rather than based on fundamental principles. Quite
likely the reason is that the MOND law in galaxies is empir-
ical, and even Milgrom’s observation that the MOND law is
scale-invariant [54, 55] has not yet led to a definitive conclu-
sion as to how conformal invariance as a principle could lead
to a MOND gravitational theory 1. Still, the phenomenolog-
ical approach, that we also follow here, can provide valuable
guidance in proposing a more fundamental theory.
What are the necessary phenomenological facts that any
successful MOND theory should lead to? For sure, (i) it must
return to GR (and hence Newtonian gravity) when ~∇Φ  a0
in quasistatic situations while (ii) reproduce the MOND law
(1) when ~∇Φ  a0. It should also (iii) be in harmony with
cosmological observations including the CMB and MPS, (iv)
reproduce the observed gravitational lensing of isolated ob-
jects without dark matter halos, and (v) propagate tensor mode
gravitational waves (GW) at the speed of light.
1 Of course any RelMOND theory should obey the principle of general
covariance and the Einstein equivalence principle. These are, however,
rather generic and minimal principles that do not provide any guidance as
to how RelMOND should look like. Indeed, many theories obeying these
have nothing to do with MOND, and many RelMOND theories obeying
these same principles are in conflict with observations. MOND theories
based on fundamental principles include [56–58], however, these are non-
relativistic.
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2Let us consider each requirement in turn. Clearly, (i) means
that when |~∇Φ|  a0, the standard Poisson equation ~∇2Φ =
4piGNρ holds, so that for a source of mass M , |~∇Φ| ∼
GNM/r
2 while (ii) means that when |~∇Φ|  a0 the MOND
equation (1) holds so that |~∇Φ| ∼ √GNa0M/r. The tran-
sition between these two regimes occurs at an M -dependent
scale rM ∼
√
GNM
a0
, called the MOND radius. While in
non-local MOND [39, 40] and in generalized Einstein-Æther
theory [35] the transition between (i) and (ii) depends only on
|~∇Φ|, in TeVeS it is facilitated by a scalar dof ϕ. Here, we
follow the latter and assume that the physics encapsulated by
(i) and (ii) fits within the TeVeS general framework.
A template non-relativistic action in such a case is
S =
∫
d4x
√−g
[
1
8piGˆ
|~∇Φˆ|2 + 1
8piG˜
J (Y) + Φρ
]
, (2)
where Φ = Φˆ + ϕ is the potential that couples universally to
matter, Gˆ and G˜ are constants, and Y = |~∇ϕ|2. The field
Φˆ always obeys the Poisson equation ~∇2Φˆ = 4piGˆρ while
ϕ obeys ~∇ ·
(
dJ
dY ~∇ϕ
)
= 4piG˜ρ. Emergence of MOND is
then ensured by requiring that J ∼ Y3/2/a0 as ~∇ϕ → 0.
In the opposite limit, two ways of ensuring emergence of GR
is either through tracking so that ϕ ∝ Φˆ, accommodated via
J ∼ Y , or screening such that ϕ  Φˆ. The latter may also
require additional higher derivative terms not present in (2).
Let us turn now to requirement (iii), that is, successful cos-
mology. Given that (2) depends on a new dof ϕ(~x), it is rea-
sonable to expect that the same effective dof will apear in cos-
mology, albeit with a time rather than a space dependence,
i.e. φ¯(t). Consider a flat FLRW metric so that g00 = −N2
and gij = a2γij where N(t) is an arbitrary lapse function
and a(t) is the scale factor. What should the expectation for
a cosmological evolution of φ¯(t) be? The MOND law for
galaxies is silent regarding this matter. There is, however, an-
other empirical law which concerns cosmological evolution:
the existence of significant amount of energy density scaling
precisely as a−3. Within the DM paradigm such a law is a
natural consequence of the energy density of particles obeying
the collisionless Boltzmann equation. The validity of this law
has been tested in [59, 60] and while the late universe allows
for significant deviations, during the time between radiation-
matter equality and recombination this law is valid within an
accuracy of ∼ 10−3. Do scalar field models leading to energy
density scaling as ρ¯ ∼ a−3 exist?
The answer is yes: shift-symmetric K-essence. It has been
shown [61] that a scalar field with Lagrangian ∼ K(X¯ ) with
X¯ = 1
N2
˙¯φ2, leads to dust (i.e. ρ¯ ∼ a−3) plus cosmological
constant (CC) solutions provided that K(X¯ ) has a minimum
at X¯ = X0 6= 0. Such a model is also the low energy limit of
ghost condensation [62, 63], although due to its specific un-
derlying symmetries, the latter also contains higher derivative
terms ∼ (φ)2 in its action. The FLRW action is
S =
1
8piG˜
∫
d4xNa3
[
−3H
2
N2
+K(Q¯)
]
+ Sm[g] (3)
where Q¯ = ˙¯φ/N and H = a˙/a the Hubble parameter. In-
terestingly, φ¯ does not enter (3) directly but only through it’s
time derivative, hence, both (2) and (3) are shift-symmetric in
ϕ and φ¯ respectively.
We propose that the analogue of MOND for FLRW back-
ground is given by (3) with
K = −2Λ + 2K2(Q¯ − Q0)2 + . . . (4)
where Λ is the CC, K2 and Q0 parameters and (. . .) de-
note possible higher powers in this expansion. Expanding in
Q − Q0 rather than X − X0 is the most general expansion
leading to dust solutions and includes theK(X¯ ) case. The CC
in this model remains an arbitrary and freely-specifiable pa-
rameter, just as in ΛCDM. Following [62, 63], we call this the
(gravitational) Higgs phase.
Requirement (iv), that is, correct gravitational lensing with-
out DM, involves having a relativistic theory. A minimal the-
ory for RelMOND is a scalar-tensor theory[12] with the scalar
providing for a conformal factor between two metrics. How-
ever, since null geodesics are unaltered by conformal transfor-
mations, such theories cannot produce enough lensing from
baryons in the MOND regime. Sanders solved the lensing
problem by changing the conformal into a disformal transfor-
mation [32] using a unit-timelike vector field, incorporated
by Bekenstein [33] into TeVeS.
There is another reason for having a unit-timelike vector
field: the anisotropic scaling of the MOND law∼ |~∇ϕ|3 com-
pared with a well-behaved cosmology implying terms like ˙¯φ2
and ˙¯φ4. Heuristically, this implies Lorentz violation (in the
gravitational sector) and a good way of introducing such an
ingredient is via a unit-timelike vector field Aµ, much like the
spirit of the Einstein-Æther theory [64, 65].
The requirements so far suggest the addition of a scalar field
φ and a unit-time like vector field Aµ as new dof. This was
the basic requirement of TeVeS theory, only in TeVeS a 2nd
metric was also introduced as a combination of gµν , φ andAµ.
It was shown in [66] that the dynamical contents of TeVeS
theory are equivalently formulated with a single metric gµν
minimally coupled to matter, and one-form field Bµ with a
non-canonical kinetic term, using a rather complicated action.
The field Bµ is no longer unit (it absorbs φ and Aµ in a single
entity) but B2 ≡ gµνBµBν < 0 so that Bµ is still timelike.
We finally move to requirement (v). The advanced Laser
Interferometer Gravitational Observatory (LIGO) and Virgo
interferometers [67] observed GW from the merger of a binary
neutron star system. Within seconds, a gamma ray burst from
the same location [68, 69] was observed. Associating the two
placed stringent constraints on the speed of the GW tensor
mode: it must be effectively equal to that of light. The speed
of the tensor mode in TeVeS has been analysed in [70–73]
3where it was shown that the theory is incompatible with the
LIGO/Virgo observations for any choice of parameters.
The new theory The analysis of [73] uncovered a general
class of theories based on the pair {gµν , Bµ} where the tensor
mode speed equals the speed of light in all situations, satisfy-
ing requirement (v). Starting from this, we synthesize require-
ments (i) - (iv). The action [73] depends on the metric gµν , a
one-form field Bµ and two auxiliary fields µ and ν:
S =
1
16piG˜
∫
d4x
√−g [R−K − U ] + Sm[g] (5)
where U = U(B2, µ, ν) and K is given by
K = 2d1F˜
µν F˜µν + d2J
2 + d4J
νJν +
1
2
d5J
µ∇µB2
+
d6
4
(∇B2)2 + d7
2
QJ +
d8
4
Q2. (6)
Here, dn = dn(B2, µ, ν) (with n = 1 . . . 8) and we have
defined F˜µν = 2∇[µBν], J = ∇µBµ, Jµ = Bα∇αBµ and
Q = Bα∇αB2 . Setting d2 = d4 = d7 = 0 as well as [74]
d1 =− KB
4B2
, d5 =− 4
B4
(7)
d6 =
µ+ 2
B4
, d8 =
2− µ+ ν
B6
, (8)
where KB is a constant and U = U(µ, ν) in (5) results in
S =
1
16piG˜
∫
d4x
√−g
[
R+
KB
2B2
F˜µν F˜µν +
2
B4
Jµ∇µB2
− µ+ 2
4B4
(∇B2)2 − 2− µ+ ν
4B6
Q2 − U
]
+ Sm[g] (9)
The above action forms the basis of the new theory. We per-
form a variable redefinition by defining fields φ and Aˆµ such
that Bµ = e−φAˆµ and AˆµAˆµ = −1 in (9). Defining the
3-metric orthogonal to Aˆµ via qµν = gµν + AˆµAˆν , we then
integrate out the two auxiliary fields using ∂U∂µ = −Y and
∂U
∂ν = Q2, where Q = Aˆµ∇µφ and Y = qµν∇µφ∇νφ. The
action then turns into
S =
∫
d4x
√−g
16piG˜
[
R− KB
2
Fˆµν Fˆµν + 2(2−KB)Jˆµ∇µφ
− (2−KB)Y − F(Y,Q)− λ(AˆµAˆµ + 1)
]
+ Sm[g]
(10)
where Fˆµν = 2∇[µAˆν], Jˆµ = Aˆα∇αAˆµ, and the Lagrange
multiplier λ imposes the unit-timelike constraint on Aˆµ. No-
tice how the scale symmetry Bµ → σBµ of (9) turns into a
shift symmetry φ→ φ+ φ0 of (10).
In the FLRW limit φ = φ¯(t) while Aˆ0 = −N and Aˆi = 0,
hence Y = 0 and Q = Q¯. We define K(Q¯) = − 12F(0, Q¯)
so that (10) turns precisely into (3), which we have already
argued that it satisfies requirement (iii).
In the weak-field quasistatic limit, we set g00 = −1 − 2Ψ
and gij = (1−2Φ)γij and assume that Aˆµ is aligned with the
time direction so that Aˆ0 = 1 − Ψ and Aˆi = 0. The scalar is
expanded as φ = φ¯ + ϕ, and we assume that ˙¯φ  ϕ˙  ~∇ϕ.
Being interested in the late universe, we can set ˙¯φ to be at the
FLRW minimum, i.e. ˙¯φ = Q0. Hence,Q = (1−Ψ)Q0. Then
(10) leads to the constraint Ψ = Φ which can be subbed back
to get
S =
∫
d4x
√−g
{
(2−KB)
[
|~∇Φ|2 − 2~∇Φ~∇ϕ
+ |~∇ϕ|2
]
+ 2J (Y) + 16piG˜Φρ
}
(11)
where J (Y) = 12F(Y,Q0) and we have multiplied through
by −16piG˜. In this picture, while matter couples only to Φ,
gravity comes with two potentials Φ and ϕwhose action is not
diagonal but contains the mixing term Jµ∇µφ → ~∇Ψ · ~∇ϕ.
Without the latter, ϕ would decouple and there would not be
a modification of gravity in this situation. Diagonalizing the
gravitational potentials by setting Φ = Φˆ + ϕ turns (11) into
(2), while matter now couples to both Φˆ and ϕ, and Gˆ =
2G˜
2−KB . This satisfies requirements (i), (ii) and (iv).
Cosmological observables The theory just presented was
constructed to lead to a background FLRW universe resem-
bling ΛCDM. Given a general function K(Q), we define the
energy density as ρ¯ = Q dKdQ − K and pressure as P¯ = K
so that the usual Friedmann equations are satisfied. The field
equation for φ¯ may be integrated once to give dKdQ =
I0
a3
for
initial condition I0. When K obeys the expansion (4), we find
thatQ = Q0 + I0a3 + . . ., so that 8piG˜ρ¯ = 8piG˜ρ¯0a3 + . . ., where
8piG˜ρ¯0 = Q0I0. The pressure is given as P¯ = 8piG˜w0ρ¯0a6 + . . .
where w0 =
8piG˜ρ¯0
4Q20K2
is the equation of state at the present
time, that is, w = w0
a3
+ . . . so that P¯ = wρ¯. Having a
time-varying w also implies an adiabatic sound speed c2ad =
dP¯ /dρ¯ = dK/dQQ d2K/dQ2 and ifK obeys (4) then c2ad = 2w0a3 +. . ..
Clearly, w ≥ 0 and c2ad ≥ 0, where the zero point is reached
as a → ∞. Since the solution depends on the initial condi-
tion I0, the FLRW dust density is not (classically) predicted
by this theory.
However, the real issues that need to be checked are the
CMB and MPS. The tight-coupling of baryons to photons in
the early universe leads to Silk damping and wipes out all
small-scale structure in baryons, preventing the formation of
galaxies in the late universe. Within GR, cold DM sustains the
gravitational potentials during the tight-coupling period driv-
ing the formation of galaxies and affecting the relative peak
heights of the CMB as further corroborated by e.g. the Planck
satellite [75]. Checking whether these observables are in line
with the present theory requires to study linear fluctuations
around the FLRW spacetime.
We consider only scalar modes and adopt the Newtonian
gauge with potentials Ψ and Φ for which g00 = −(1 + 2Ψ),
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FIG. 1. The CMB temperature angular power spectrum C` for
ΛCDM (black) and relativistic MOND for a number of parameter
values (keeping all parameters common to ΛCDM the same). The
green (dotted) curve is indistinguishable from ΛCDM.
g0i = 0 and gij = a2(1 − 2Φ)γij and perturb the scalar as
φ = φ¯+ϕ and the vector asAµ = {−1−Ψ, ~∇iα}. With these
one finds the perturbed Einstein, vector and scalar equations,
all of which depend on the new scalar modes ϕ and α and
their derivatives. The usual perturbed Boltzmann equations
for baryon, photons and neutrinos remain unchanged as they
couple only to Φ and Ψ. The new fields do not contribute to
the shear equation, which remains unchanged from GR.
For brevity we define the combinations χ = ϕ + ˙¯φα, γ =
ϕ˙ − ˙¯φΨ, and E = α˙ + Ψ. Then, defining the “fluid” density
contrast δ and momentum divergence θ via
δ =
1 + w
˙¯φc2ad
γ +
1
8piGa2ρ¯
~∇2 [KBE + (2−KB)χ] (12)
θ =
ϕ
˙¯φ
(13)
the Einstein equations take the same form as in GR, i.e.
δG00 = 8piG
∑
I ρ¯IδI and δG
0
j = −8piG
∑
I(ρ¯I+P¯I)
~∇jθI
where the index I runs over all matter species including the
new variables δ and θ. These obey standard fluid equations
δ˙ =3H (wδ −Π) + (1 + w)
(
3Φ˙− k
2
a2
θ
)
(14)
θ˙ =3c2adHθ +
Π
1 + w
+ Ψ (15)
but with non-standard pressure contrast:
Π = c2adδ −
c2ad
8piGa2ρ¯
~∇2 [KBE + (2−KB)χ] (16)
Hence, the resulting system is not equivalent to a dark fluid:
the non-standard pressure thus defined does not close under
the fluid variables but rather depends on the vector field per-
turbations α and E, the latter of which evolves according to
KB
(
E˙ +HE
)
=
dK
dQχ− (2−KB)
[ ˙¯φ
1 + w
Π
+
(
H + ˙¯φ
)
χ− 3c2adH ˙¯φα
]
(17)
In Fig.1 we show the CMB spectra for a number of
model parameters, in the case of a function K(Q) =
K2
(Q2 −Q20)2, numerically calculated by evolving the full
FLRW background and linearized equations in a modification
of our own Boltzmann code [76]. Thus, for a wide range of
parameters, this relativistic MOND theory is consistent with
the CMB measurements from Planck. This happens because
in the deep Higgs phase c2ad ≈ 2w → 0 so that Π → 0 and
we get dust-like evolution as δ˙ = 3Φ˙ − k2
a2
θ and θ˙ = Ψ pro-
vided that E does not aqcuire strong growing time-evolution
which may happen in the limit KB → 0. If that happens, and
E grows substantially, the linear approximation breaks down.
The detailed cosmology and the dependence of the spectra on
the parameters will be investigated elsewhere [74].
Stability and waves We now turn to the question of sta-
bility of the theory on Minkowski spacetime. We perturb
gµν = ηµν − hµν , split Aˆµ = (−1 + 12h00, Aˆi) (satisfies
constraint) with Aˆi being a perturbation and set φ = ϕ which
is also a perturbation. Expanding (10) to 2nd order gives
S =
∫
d4x
{
− 1
2
∇¯µh∇¯νhµν + 1
4
∇¯ρh∇¯ρh+ 1
2
∇¯µhµρ∇¯νhνρ −
1
4
∇¯ρhµν∇¯ρhµν +KB| ~˙ˆA− 1
2
~∇h00|2
− 2KB~∇[iAˆj]~∇[iAˆj] + 2 (2−KB) ( ~˙ˆA− 1
2
~∇h00) · ~∇ϕ+ 2K2ϕ˙2 − (2−KB)(1 + λs)|~∇ϕ|2 + 1
M˜2p
Tµνh
µν
}
(18)
where we have used the desired late universe limit for which
∂2F¯/∂Q2 → −2d2K/dQ2 = −4K2 and ∂F/∂Q = F¯ = 0.
We also set ∂F/∂Y = (2−KB)λs as a free parameter which
is exactly zero in the MOND limit but non-zero in the GR
limit if it is reached by tracking. Inspecting (18), the tensor
mode action is as in GR as expected.
5Turning to vector modes we choose the gauge h00 = 0,
h0i = W i and hij = 0 while Aˆi = βi and ϕ = 0 where W i
and βi are transverse. The vector Lagrangian density from
(18) is then
L = 1
2
|~∇⊗ ~W |2 +KB
(
|~˙β|2 − |~∇⊗ ~β|2
)
+
T0ih
0i
M˜2p
(19)
Hence, vectors ~β are healthy ifKB > 0 and travel at the speed
of light. Since they decouple from Tµν , they are not expected
to be generated to leading order by compact objects.
Considering scalar modes in the Newtonian gauge we set
h00 = −2Ψ, h0i = 0 and hij = −2Φγij while Aˆi = ~∇iα.
After manipulation, the Lagrangian density from (18) is
L = KB|~∇(α˙+ Ψ + 2−KB
KB
ϕ)|2 − 6Φ˙2 + 2K2ϕ˙2 + 2|~∇Φ|2
− (2−KB)(2 + λsKB)
KB
|~∇ϕ|2 − 4~∇Φ · ~∇Ψ + Lm (20)
whereLm = −2(ρΨ+3PΦ)/M˜2p . Setting all perturbations to
ei(ωt+
~k·~x) gives only two normal modes with dispersion rela-
tions ω2 = 0 andK2KBω2 = (2−KB)(1+ 12λsKB)k2. Thus,
we require that K2 > 0 and 0 < KB < 2 while λs > − 2KB .
The existence of only 2 normal modes implies the presence
of constraints. Indeed these are revealed through a Hamilto-
nian analysis which also shows that these conditions lead to a
positive Hamiltonian [74].
Discussion In the inner solar system, while it’s clear that
a MOND force ∼ √GNMa0/r lends its way to a Newto-
nian forceGNM/r2 trivially as r  rM , this is not sufficient.
Any correction toGNM/r2 coming from ϕwill compete with
corrections to the post-Newtonian force ∼ (GNM)2/r3, and
these are constrained at Mercury’s orbit to less than 1 part to
104 [77, 78]. There are two ways of ensuring this: screening
and tracking, and in the absence of a fundamental MOND the-
ory, there is no available prescription for either. In the former,
the scalar ϕ is screened as ~∇ϕ gets large so that Φ ≈ Φˆ while
in the latter ϕ→ Φˆ/λs so that its effect is to renormalize GN,
i.e. GN = (1 + 1/λs)Gˆ. We use the last expression to model
both as screening is equivalent to λs → ∞, but note that (2)
cannot capture screening in all generality as such actions typ-
ically involve higher derivative terms. Tracking is possible if
J → Y/Y1, so that λs = Gˆ/(G˜Y1) = 2(2−KB)Y1 .
Notice that the w and c2ad dependence on the parameters
entering K come in the combination Q˜0 =
√
2K2Q0, so
that w0 = 4piG˜ρ¯0/Q˜20. We need w0 to be sufficiently small
so that we have a proper cosmological matter era. Observa-
tions [59, 60] give w . 0.02 at a ∼ 10−4 leading to the upper
limit w0 < 0.02×10−12. A lower limit is obtained by assum-
ing that the Higgs phase in φ continues until the inflationary
era for which we have Hinfl . 8 × 1013GeV [79], leading to
ainfl > 10
−29. Hence, we find 10−87 . w0 . 0.02 × 10−12
so that 10−35GeV . Q˜0 . 40GeV .
Consider now the FLRW action (3), along with (4).
Setting M˜2p = 1/(8piG˜) and canonically normalizing as
φ˜ =
√
2K2M˜pφ we get S =
∫
d4xNa3
[
− 3M˜2p H
2
N2
+
1
2
(
˙˜
φ
N − Λ2c
)2
+ . . .
]
where Λ2c = M˜pQ˜0. Given the limit of
Q˜0 above, we need 5eV . Λc . 1010GeV .
Given this normalization, let us see what happens
in the MOND limit. There J → 2−KB3a0(1+1/λs)Y3/2
so that M˜2pJ = |~∇ϕ˜|3/Λ20 where Λ20 =
12 [(K2(1 + 1/λs))/(2−KB)]3/2Mpa0. Hence, since
a0 ∼ H0/6 then Λ0 ∼ #meV ∼ #(0.1mm)−1 where # are
numbers which can be arbitrarily set by adjusting either K2
or λs. This scale is indicative of the energy scale above which
quantum corrections may become important and below which
we can trust the classical theory. We note that Newton’s
inverse square law has been tested down to ∼ 52µm [80] and
the curves in Fig.1 all have Λ−10 < 0.01nm.
The action (10) is not the most general under our assump-
tions, however, it is sufficient for our purposes. We briefly
mention other terms which may be included multiplied by
constant γm (m = 1 . . . 4), preserving the shift symmetry. A
possibility is γ1φ∇µAˆµ, however, upon integration by parts
this leads to a term Q which does not spoil the cosmolog-
ical dust solutions. Another is γ2(∇µAˆµ)2 which does not
change the quasistatic limit but rescales the effective G in
the FLRW equations and introduces additional terms in the
perturbation equations. The action (10) leads to a vector
mode GW propagating at the speed of light, however, includ-
ing γ3
(
1
2 Fˆµν Fˆ
µν + JˆµJˆµ
)
changes this speed while leaving
both the quasistatic, FLRW and scalar-mode equations unal-
tered. Finally, a Gauss-Bonnet GGB term is by itself a total
derivative but could be included as γ4φGGB, however, this
term only has relevance in the very early Universe.
The absence of ghosts to quadratic order signifies that the
theory is healthy and could arise as a limiting case of a more
fundamental theory. While we don’t have such a theory at
present, we discuss a case that brings us closer to such a task.
The vector in (10) does not seem to obey gauge-invariance
but in the quadratic action (18) it does so through mixing
with diffeomorphisms of hµν . This is not an accident. Let
us normalize the vector via Aµ = MggcAˆµ for some scale
Mggc and insert the term − 14
M˜4p
M4ggc
λ2. One varies with λ and
use the constraint to eliminate λ from the action, perform a
Stu¨ckelberg transformation Aµ → Aµ +∇µχ/Mggc and de-
fine the covariant derivative acting on “angular field” χ as
Dµχ = ∇µχ/Mggc + Aµ. The action turns to S = SEH +∫
d4x
√−g
{
− 1
4g2ggc
FµνF
µν+ 14 (DµχDµχ+M2ggc)2
}
+. . . ,
where Fµν = ∇µAν−∇νAµ, g2ggc =
M2ggc
KBM˜
2
p
and the dots de-
note the φ-dependent terms. The resulting action is that of
the Gauged Ghost Condensate (GCC) which has been pro-
posed [81] as a healthy gauge-invariant theory of spontaneous
Lorentz violation. As discussed in [81], the Einstein-Æther
theory, part of (10), is the (healthy) decoupling limit of GCC
6by taking Mggc → ∞ if 0 < KB < 2 (in our notation). It is
argued in [81] that Mggc can be as high as 1012GeV .
Given that φ is shift-symmetric it is natural to charge it un-
der this symmetry similarly to χ lettingDµφ = ∇µφ/Mggc +
Aµ. Interestingly then, we may identifyQ−Q0 → DµχDµφ
while the term Jµ∇µφ → FµνDµχDνφ, both multiplied
by appropriate constants. The terms involving Y may also
be constructed using
(
gµν +DµχDνχ/M4ggc
)DµφDνφ. Al-
though this type of extension of our work does not explain the
MOND-type term Y3/2, it may provide a promising direction
for further improvements.
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